Climate change and environmental degradation has resulted in a reduction in water inflow at hydropower plants, as well as a decrease in reservoir levels. Existing hydropower plants suffer from water head reduction, mainly with decrease in efficiency of energy conversion in hydro turbines. This paper showcases the benefits of operations with variable speed in existing hydropower plants, when working at a lower water head than the rated one. Theoretical analyses and tests were performed in a special constructed laboratorial setup aiming at evaluating the amount of efficiency recovery with variable speed operation. Connection alternatives for a constant frequency grid and applications of the learned concepts in an existent hydropower plant are presented. The investigations were applied to the Furnas hydropower plant. The results point out that economic feasibility of the application can be achieved.
Introduction
Variable speed operation in a hydropower plant has been the subject of many studies for a while now, and has been examined by researchers [1] [2] [3] . Its main advantage lies in the recovery of efficiency of the hydraulic turbine, almost to its rated efficiency, when working at a head lower than the design head. Whilst the net head is the gross head minus the losses in the water conveyor system, the gross head for a reaction turbine is the upstream level minus the downstream level [4, 5] . Therefore, the turbine head is sensitive to the amount of stored water, as the upstream level is the proper reservoir surface level.
The effects of unavoidable climate changes have resulted in the reduction of inflow, as has been observed in several places, severely impacting energy systems [6] [7] [8] [9] . As the upstream level in a reservoir depends directly on the inflow, a reduction in upstream levels has also been observed. In some cases, a certain amount of water must be released in order to guarantee correct hydro operation in a downstream cascade. A reduction in regularization capacity has also been noticed, as the useful volume of a reservoir diminishes. In addition, the increasing electric power demand from an energy-intensive society requires the use of stored water, which contributes to water level reduction [10] [11] [12] [13] . The possibility of working in conditions different from the rated ones is real, and
Back-to-Back Frequency Converter
The general idea of employing a back-to-back frequency converter is presented in Figure 1 . In this case, the electrical machine remains the same, i.e., a synchronous generator (SG). If the speed is variable, the generation frequency will also be variable, since the frequency in a synchronous machine is directly proportional to its speed. The generated variable frequency is converted to a direct current (DC) power system before being inverted to alternate current (AC) power in a constant and desired frequency that is synchronous to the system. The auxiliary system tap is taken from the side of the constant frequency [34, 35] .
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The efficiency of this back-to-back system must be taken into account. When conveniently sized, an efficiency of about 96% can be observed [35] . This percentage may be lower for proportionally low power.
In this arrangement, the electrical machine can be a synchronous machine or an asynchronous one with a squirrel cage rotor. The first option has the advantage of generating reactive power under excitation control. The second one offers reduced maintenance costs and requires no excitation system. However, in terms of the disadvantage of the consumption of reactive power, it has the added cost of changing the rotor of the existent synchronous machine.
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Back-to-Back Frequency Converter
Double-Fed Asynchronous Machine
In this process, the conventional synchronous generator is changed to a brushed asynchronous generator called a double-fed induction generator (DFIG). The stationary part, i.e., the armature of the machine, does not need to be modified, because the armature of both the synchronous and asynchronous machines is the same. On the other hand, the rotor must be changed. The salient rotor, with a large number of pole pairs and excited by a DC current of the synchronous generator, must be modified to a three-phase wound rotor of an asynchronous generator and excited by a back-to-back converter with variable frequency three-phase AC current. The doubly-fed generator rotors typically have 2 to 3 times the number of turns of the stator, leading to a higher rotor voltage and lower current. Figure 2 depicts such a solution [36, 37] . In this case, there is no need to convert the full power of the generator, but rather just the power necessary to feed the excitation, which is a function of the expected speed variation. Of course, the power of all the additional auxiliary systems should be added as well. In this case, there is no need to convert the full power of the generator, but rather just the power necessary to feed the excitation, which is a function of the expected speed variation. Of course, the power of all the additional auxiliary systems should be added as well.
It should be observed that for regular synchronous generators with zero variation in synchronous speed, the excitation power varies from 0.2% to 0.8% of the rated power, depending on the machine manufacturer. It is important to know how such a lower power excitation system is sufficient in assuring the whole reactive power excursion, covering all powers from negative to positive values.
For double-fed asynchronous machines, the power of the electronics of the excitation system is proportional to the slip. The frequency of the excitation voltage must also be variable. For regular synchronous generators, the excitation frequency is zero, i.e., a DC supply. In DFIG, the frequency of the excitation voltage is proportional to the speed variation. In other words, the DFIG rotor must be excited with a complement frequency to achieve the rated frequency in the stator generated voltage [38, 39] .
For instance, suppose that a maximum of 20% gross head reduction is considered, which conducts to about 15% of speed variation. In this case, 15% of the rated power and 15% of the rated frequency are expected to feed the rotor of the double-fed machine. For a 200 MW, 100 rpm, 60 Hz generation, the machine will run at 85 rpm and would generate at 51 Hz. Thus, the excitation system must be designed for a maximum frequency of 9 Hz (the complement needed to reach 60 Hz) and a maximum power of approximately 30 MW. Despite the excitation system driving an expressive amount of power, it is important to know that all of the injected power for excitation purposes are retrieved in the stator of the machine. The only demanded power is that which is necessary to feed the losses, which is proportional to the efficiency of the excitation systems.
Therefore, due to all of the necessary modifications, a retrofit scenario is ideal for this rotor replacement and additional space is required in order to install the new excitation system.
Variable Frequency Transformer
A variable frequency transformer (VFT) has been used in the interconnection of systems to control active and reactive power flow for a long time, in addition to being used to compensate for frequency fluctuations through a torque that is furnished by an external machine [40, 41] . Nevertheless, this device has not been used to connect variable speed hydro generation synchronously to a system. Essentially, it is a wound rotor induction motor acting as a transformer, i.e., the stator is the primary transformer and the rotor is the secondary one [41, 42] . Figure 3 presents a connection using the VFT. In this case, all of the generated power passes through the VFT. It should be observed that for regular synchronous generators with zero variation in synchronous speed, the excitation power varies from 0.2% to 0.8% of the rated power, depending on the machine manufacturer. It is important to know how such a lower power excitation system is sufficient in assuring the whole reactive power excursion, covering all powers from negative to positive values.
A variable frequency transformer (VFT) has been used in the interconnection of systems to control active and reactive power flow for a long time, in addition to being used to compensate for frequency fluctuations through a torque that is furnished by an external machine [40, 41] . Nevertheless, this device has not been used to connect variable speed hydro generation synchronously to a system. Essentially, it is a wound rotor induction motor acting as a transformer, i.e., the stator is the primary transformer and the rotor is the secondary one [41, 42] . Figure 3 presents a connection using the VFT. In this case, all of the generated power passes through the VFT. A synchronous machine rotates at synchronous speed and, in order to obtain a rated frequency in its output, it is excited with a DC current. On the other hand, a regular transformer is a static machine. Thus, in order to have rated frequency in its output, rated frequency must be inserted directly into its input. Hence, it can be concluded that if the frequency of input and output are different, the machine must rotate at a given speed that is proportional to this difference in order to match primary and secondary frequencies [40, 41] .
The VFT is driven by a DC motor and the rotation speed of the VFT is proportional to the difference in frequencies. The power used to rotate the machine is inserted in the system and efficiency is about 98%. Nevertheless, all of the slip rings and brushes must be conveniently sized to afford all of the power generated [42, 43] . A synchronous machine rotates at synchronous speed and, in order to obtain a rated frequency in its output, it is excited with a DC current. On the other hand, a regular transformer is a static machine. Thus, in order to have rated frequency in its output, rated frequency must be inserted directly into its input. Hence, it can be concluded that if the frequency of input and output are different, the machine must rotate at a given speed that is proportional to this difference in order to match primary and secondary frequencies [40, 41] .
The VFT is driven by a DC motor and the rotation speed of the VFT is proportional to the difference in frequencies. The power used to rotate the machine is inserted in the system and efficiency is about 98%. Nevertheless, all of the slip rings and brushes must be conveniently sized to afford all of the power generated [42, 43] .
This alternative has the advantage of maintaining the used synchronous generator along with its regular excitation system. Both active and reactive powers are normally controlled. Therefore, in a retrofit scenario, all of the system remains the same, except the installation of the VFT, which Energies 2019, 12, 3719 5 of 20 requires a large amount of space. The VFT can be installed for one machine or for the whole power plant. In general, it is manufactured at the rated power of 100 MW. This means that it can be connected to power plants with rated power less than 100 MW. However, different rated power can certainly be achieved.
Direct Current Transmission
The use of a High Voltage Direct Current transmission system (HVDC) is very popular to connect unsynchronized AC power systems [44, 45] , 50 Hz and 60 Hz power systems such as those used in Japan and in South America [46, 47] , long distance power transmissions [48, 49] , underwater transmission systems [50] , and variable frequency renewable generations [51, 52] .
Therefore, if the generator is connected through an HVDC to the power system, the speed it runs and the frequency of the voltage that it generates does not matter. The generated power is rectified and connected to the grid. Figure 4 shows the synchronous generator connected to an HVDC system. This alternative has the advantage of maintaining the used synchronous generator along with its regular excitation system. Both active and reactive powers are normally controlled. Therefore, in a retrofit scenario, all of the system remains the same, except the installation of the VFT, which requires a large amount of space. The VFT can be installed for one machine or for the whole power plant. In general, it is manufactured at the rated power of 100 MW. This means that it can be connected to power plants with rated power less than 100 MW. However, different rated power can certainly be achieved.
Therefore, if the generator is connected through an HVDC to the power system, the speed it runs and the frequency of the voltage that it generates does not matter. The generated power is rectified and connected to the grid. Figure 4 shows the synchronous generator connected to an HVDC system. This is a practical solution for a retrofit scenario, mainly because the generation system remains almost the same [53, 54] . Space must be provided only to accommodate the converter, which inherently consumes some reactive power with trivial synchronization. Power to feed auxiliary systems must also be provided. On the other hand, it has a straightforward application in hydropower plants connected to the system through a HVDC.
Francis Turbine Operating at Variable Head and Speed
There are several types of runners for hydropower plant application. Specifically, a turbine considers all of the mechanical components that surround the runner, including case, flow controllers, bearings, valves, draft tubes, and other components. The most common runners are Pelton, Francis, and Kaplan, whose names are a tribute to their inventors. Pelton runners are suitable for high head and small flow, while Kaplan runners are better for low head and high flow. The terms high and low heads are relative and depend fundamentally on the flow [4, 5] .
On the other hand, because of its geometry, the Francis runner type is the most flexible runner. It works well within the limits of the Pelton and Kaplan runners, as it can operate under high head and small flow, and at low head and high flow. A dimensionless quantity defined as specific speed (n qA ) function of speed, flow, and head depicts such limits:
where n is the rotational speed (rpm), Q is the flow (m 3 /s), and H is the net head (m).
In rated conditions of speed, head, and flow, a hydraulic machine may reach its maximum efficiency in energy conversion and a cavitation and vibration-free operation [55] [56] [57] [58] . Figure 5 shows three types of Francis runners, namely slow, normal, and fast specific speed runners, which are suitable for high, average, and low heads, respectively, with specific rotation ranging from 70 to 400. This is a practical solution for a retrofit scenario, mainly because the generation system remains almost the same [53, 54] . Space must be provided only to accommodate the converter, which inherently consumes some reactive power with trivial synchronization. Power to feed auxiliary systems must also be provided. On the other hand, it has a straightforward application in hydropower plants connected to the system through a HVDC.
In rated conditions of speed, head, and flow, a hydraulic machine may reach its maximum efficiency in energy conversion and a cavitation and vibration-free operation [55] [56] [57] [58] . Figure 5 shows three types of Francis runners, namely slow, normal, and fast specific speed runners, which are suitable for high, average, and low heads, respectively, with specific rotation ranging from 70 to 400. Thus, once designed for a specific rated condition, the Francis runner must work within very narrow application limits. The head and flow must be kept constant in order to achieve maximum energy conversion efficiency. While the Francis runner is known to allow a wide variation in its operating flow, changes in the head result in an extreme reduction of efficiency. Figure 6 and 7 present the normalized efficiency curves of Francis runners for four different specific speeds as a function of the normalized flow and for the normalized head at constant rotational speed and head [59] [60] [61] . It is common to present normalized quantities using their rated values as a basis. Therefore, Q N and H N are the rated flow and head. Figure 6 also shows the minimum normalized flow to limit a maximum of 10% reduction in the rated energy conversion efficiency.
Based on Equation (1), it can be seen that a head reduction could be compensated by speed reduction in order to achieve the design specific speed, while consequently recovering the rated efficiency. Nevertheless, a head reduction also conducts to a flow reduction in a proportion that depends on the runner design. This deserves a more detailed study. Thus, once designed for a specific rated condition, the Francis runner must work within very narrow application limits. The head and flow must be kept constant in order to achieve maximum energy conversion efficiency. While the Francis runner is known to allow a wide variation in its operating flow, changes in the head result in an extreme reduction of efficiency. Figures 6 and 7 present the normalized efficiency curves of Francis runners for four different specific speeds as a function of the normalized flow and for the normalized head at constant rotational speed and head [59] [60] [61] . Thus, once designed for a specific rated condition, the Francis runner must work within very narrow application limits. The head and flow must be kept constant in order to achieve maximum energy conversion efficiency. While the Francis runner is known to allow a wide variation in its operating flow, changes in the head result in an extreme reduction of efficiency. Figure 6 and 7 present the normalized efficiency curves of Francis runners for four different specific speeds as a function of the normalized flow and for the normalized head at constant rotational speed and head [59] [60] [61] . It is common to present normalized quantities using their rated values as a basis. Therefore, Q N and H N are the rated flow and head. Figure 6 also shows the minimum normalized flow to limit a maximum of 10% reduction in the rated energy conversion efficiency.
Based on Equation (1), it can be seen that a head reduction could be compensated by speed reduction in order to achieve the design specific speed, while consequently recovering the rated efficiency. Nevertheless, a head reduction also conducts to a flow reduction in a proportion that depends on the runner design. This deserves a more detailed study. It is common to present normalized quantities using their rated values as a basis. Therefore, Q N and H N are the rated flow and head. Figure 6 also shows the minimum normalized flow to limit a maximum of 10% reduction in the rated energy conversion efficiency.
Based on Equation (1), it can be seen that a head reduction could be compensated by speed reduction in order to achieve the design specific speed, while consequently recovering the rated efficiency. Nevertheless, a head reduction also conducts to a flow reduction in a proportion that depends on the runner design. This deserves a more detailed study. 
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Considering an average flux line, a velocity triangle depicted in Figure 9 can be obtained, where w is the mean relative speed (m/s), c m is the meridional mean speed (m/s), c u is the projection of the mean speed to the tangential direction (m/s), c is the mean absolute speed in the rotor entrance (m/s), β is the angle between the tangential velocity and the mean relative speed (degrees), and α is the angle between the tangential velocity and the mean absolute speed of the rotor entrance (degrees).
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As an example, a turbine with rated flow values of 12.536 m 3 /s, head 60 m, speed 360 rpm, efficiency 0.948, and an input diameter of 1.280 m, operates at a 10% increase in the head. Therefore, on applying the aforementioned equations, the turbine has to operate at a speed of 377.6 rpm. The resulting velocity triangle is depicted in Figure 8 . The increase in power was 15.4% in the flow and speed was 4.9%, thus maintaining the rated efficiency. It should be noted that the aperture of the gates must be such that is necessary in order to obtain the calculated speed. The speed is calculated in accordance with the available head and by the electrical generator, as it is directly defined by the supplied load. This diagram in Figure 10 is drawn considering the rated point of operation and loading. If the machine is loaded under or above the rated point, a chock component appears, which reduces the efficiency of the turbine. The hydro turbine is designed for a rated rotational speed, head, and flow, resulting in a specific speed, as stated in (1) . Therefore, for each operational H, values of n and Q must be calculated in order to satisfy the Euler equation in which a third-degree equation is reached (6):
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As an example, a turbine with rated flow values of 12.536 m 3 /s, head 60 m, speed 360 rpm, efficiency 0.948, and an input diameter of 1.280 m, operates at a 10% increase in the head. Therefore, on applying the aforementioned equations, the turbine has to operate at a speed of 377.6 rpm. The resulting velocity triangle is depicted in Figure 8 . The increase in power was 15.4% in the flow and speed was 4.9%, thus maintaining the rated efficiency. It should be noted that the aperture of the gates must be such that is necessary in order to obtain the calculated speed. The speed is calculated in accordance with the available head and by the electrical generator, as it is directly defined by the supplied load. As an example, a turbine with rated flow values of 12.536 m 3 /s, head 60 m, speed 360 rpm, efficiency 0.948, and an input diameter of 1.280 m, operates at a 10% increase in the head. Therefore, on applying the aforementioned equations, the turbine has to operate at a speed of 377.6 rpm. The resulting velocity triangle is depicted in Figure 8 . The increase in power was 15.4% in the flow and speed was 4.9%, thus maintaining the rated efficiency.
It should be noted that the aperture of the gates must be such that is necessary in order to obtain the calculated speed. The speed is calculated in accordance with the available head and by the electrical generator, as it is directly defined by the supplied load.
Experimental Method
The hydropower plants are designed to have maximum efficiency at a rated head and flow. Nonetheless, it is recognized that both of these quantities vary with time. While flow variation is certainly manageable, head variations are harmful and undesirable. Therefore, varying speed of the generating unit is proposed in order to recover the speed specific to the rated conditions and to maintain maximum efficiency of the turbine.
The following sections deal with the characterization of a test setup that was specially developed to test the behavior of the unit under head variations. Efficiency tests are applied and results are presented.
Experimental Testing Setup
In order to test variable speed generation connected to the grid, a test bench was developed, as depicted in Figure 11 . The length dimensions are in millimeters (mm), unless described otherwise. In this bench, water is pumped into a reservoir that enables the operation in two different upstream levels. The flow passes through the penstock to the hydraulic turbine before going to the downstream reservoir. After passing through a convenient rectangular weir, the water goes to a storage reservoir, and is then pumped again to establish the upper level. 
Experimental Method
Experimental Testing Setup
In order to test variable speed generation connected to the grid, a test bench was developed, as depicted in Figure 11 . The length dimensions are in millimeters (mm), unless described otherwise. In this bench, water is pumped into a reservoir that enables the operation in two different upstream levels. The flow passes through the penstock to the hydraulic turbine before going to the downstream reservoir. After passing through a convenient rectangular weir, the water goes to a storage reservoir, and is then pumped again to establish the upper level.
There is a movable diverter inside the tank, which allows the operation with two different upstream levels, named NMI and NMII. As long as the downstream level is constant (NJ), the efficiency of the hydraulic turbine with the Francis runner (THF) can be obtained and compared with the two different gross heads at constant and variable operational speeds. The rated quantities of the hydraulic turbine are shown in Table 1 . The water flow (Q) through the turbine is measured as the average of two different methods, described and referred to in main hydraulic machinery testing standards [62, 63] . This procedure guarantees redundancy in this There is a movable diverter inside the tank, which allows the operation with two different upstream levels, named NM I and NM II . As long as the downstream level is constant (NJ), the efficiency of the hydraulic turbine with the Francis runner (THF) can be obtained and compared with the two different gross heads at constant and variable operational speeds.
The rated quantities of the hydraulic turbine are shown in Table 1 . The water flow (Q) through the turbine is measured as the average of two different methods, described and referred to in main hydraulic machinery testing standards [62, 63] . This procedure guarantees redundancy in this important and difficult measurement. In the first method, water flow is calculated as a function of the measured spill height over the weir; the main dimensional characteristics are described in Table 2 [62] . The second technique for flow measurement is the Winter-Kennedy method. This approach is based on the measurement of differential pressure in the turbine casing, which appears due to water streams velocity differences in both the inner and outer part of the case. Eventually, the flow is proportional to the square root of this pressure difference.
The hydraulic turbine converts hydraulic power to mechanical power, which is a function of the torque and rotational speed in the coupling shaft. The electric generator converts the mechanical power into electric power. The generator is conveniently designed to have a minimum mechanical losse, including a special magnetic winding to reduce the pressure over the bearings and independent external ventilation. The generated electric power, which is of variable frequency, is transferred to the constant frequency system using a back-to-back converter.
A picture of the laboratory setup is showed in Figure 12 . Figure 12a shows the upstream tank, turbine spiral casing, coupling, and generator. Figure 12b shows the hydraulic turbine draft tube, downstream tank, and the converter from behind. Both electric power in the generator terminals and the grid power in the converter output are straight and measured directly using special watt meters. The hydraulic power and turbine power result from calculation using measured quantities. The employed sensors to measure these quantities, and their respective accuracy class, are depicted in Table 3 . The accuracy class is the maximum expected error in a measurement, and normally is a percentage of the sensor full scale. The quality of the optimal behavior of a hydropower unit is measured by its efficiency of energy conversion. Whilst head and flow variations mean nothing to the electrical generator as it is only concerned with the power delivered in the connecting mechanical shaft [63] , the hydraulic turbine has its efficiency closely attached to these parameters and governed by its hill chart.
Therefore, there are three involved efficiencies: the efficiency of the hydraulic turbine (η t ), the efficiency of the electric generator (η g ), and the efficiency of the power converter (η c ), all of which are functions of the hydraulic power (P h ), turbine power (P t ), electric power (P e ), and grid power (P g ). The efficiencies are calculated using Equations (7)- (9) . While the efficiencies are per unit values, all of the powers are given in kW.
η g = P e P t (8)
Both electric power in the generator terminals and the grid power in the converter output are straight and measured directly using special watt meters. The hydraulic power and turbine power result from calculation using measured quantities. The employed sensors to measure these quantities, and their respective accuracy class, are depicted in Table 3 . The accuracy class is the maximum expected error in a measurement, and normally is a percentage of the sensor full scale. Hydraulic power is a function of the available head H (m), flow Q (m 3 /s), water density ρ (kg/m 3 ), and local gravity acceleration g (m/s 2 ), as described in (10) . The turbine power is the power available in the mechanical shaft. It is a function of the torque M (Nm) and speed n (rpm), calculated using (11):
The rectangular weir flow equation (Q V ), function of the height of the water spill over the rectangular wear, and the flow using Winter-Kennedy technique (Q WK ) are given by the following models:
The value of the flow at the turbine is the average of both measurements Q V and Q WK . k V and k WK are constants obtained from calibrations [62] , while h V (m) and ∆h WK are the level over the weir and the differential pressure measured in turbine spiral casing.
Referring to the dimensions and measurements described in Figure 11 , the water head is:
where p e is the input static pressure (m), S are the areas of the cross sections e and s (m 2 ), z are heights in points 1, 2, and S m (m). The density is a function of the water temperature t w ( • C):
The final efficiency calculation accuracy is a function of the accuracy of each of the used sensors, partial derivatives calculations, the number of measurements in each point (standard deviation), and of the value of the measured quantity itself. The final efficiency accuracy is described in main hydraulic machinery testing standards [64, 65] .
Efficiency Testing Measurements
The developed test rig was applied to assess the turbine goodness behavior operating at two different heads with constant and rated speed, along with variable speed. The main quantity of appreciation was the efficiency of energy conversion, among others, such as used water flow, which employs previous mathematical statements.
The first test was developed at a constant rated head of the turbine at 2.95 m and rated speed. Load variation was applied and the flow varied accordingly. Table 4 presents the main variables resultant from this test. The measured efficiency calculated using Equation (7) was kept classified by using the normalized results (calculated by dividing the measured values obtained in tests by the maximum measured value). The second test was performed with a head reduction, and constant and rated speed. The testing head was approximately 2.20 m, representing a reduction of about 25%. The main results are described in Table 5 . The presented efficiency results are normalized, taking maximum efficiency in the test at rated conditions as a reference. It is clear that there is a reduction in efficiency of the hydraulic turbine. A reduction of about 20% can be seen in maximum normalized efficiency, which can be larger in other loads. It can also be seen that the flow has a reduction, as it directly depends on the head. As a result, there is a reduction on the delivered power, as both the head and flow are reduced.
A third test was conducted at the reduced head of 2.2 m. In this new test, speed is also reduced according to Equation (6) . For a head of 2.2 m, speed should be 386 rpm. However, during the tests, a value of around 386 rpm was achieved. The obtained hydraulic turbine, along with the conditions of the test, is depicted in Table 6 . Figure 13 presents the graphical results of this test in comparison to the obtained results of the two previous tests. Curve (a) was obtained with rated head and speed, curve (b) is the efficiency curve for rated speed and low head, and curve (c) represents the efficiency at a lower head and lower speed.
It is clear that there is a reduction in efficiency of the hydraulic turbine. A reduction of about 20% can be seen in maximum normalized efficiency, which can be larger in other loads. It can also be seen that the flow has a reduction, as it directly depends on the head. As a result, there is a reduction on the delivered power, as both the head and flow are reduced.
A third test was conducted at the reduced head of 2.2 m. In this new test, speed is also reduced according to Equation (6) . For a head of 2.2 m, speed should be 386 rpm. However, during the tests, a value of around 386 rpm was achieved. The obtained hydraulic turbine, along with the conditions of the test, is depicted in Table 6 . Figure 13 presents the graphical results of this test in comparison to the obtained results of the two previous tests. Curve (a) was obtained with rated head and speed, curve (b) is the efficiency curve for rated speed and low head, and curve (c) represents the efficiency at a lower head and lower speed. Despite the flow and power reduction, as the head is smaller than the rated head, an increase of normalized efficiency can be observed, and maximum efficiency approximately reaches the maximum efficiency at rated conditions. It can be seen that there was an increase of about 20% in the normalized efficiency, thus enhancing the advantages of operating at a low speed when a reduction in the head is noticed.
Application to Furnas Hydropower Plant
Variable speed generation application was evaluated for the Furnas hydropower plant, considering its gross head variation history. The Furnas power plant is located in the southern part of the state of Minas Gerais, Brazil, as shown in Figure 14a , obtained from [66] . The power plant has a large reservoir, with a surface area of 1440 km 2 at the maximum upstream level and a perimeter of about 3500 km, which is equal to almost half of the Brazilian coastline. The total volume of water is 22,590 km 3 with a storage volume of 17,217 km 3 . This power plant has an installed power of 1280 MVA and a rated head of 98.83 m [67] . Figure 15a presents the gross head variation over time, recorded from 1995 to 2015. The gross head can be as low as 79 m, which means a gross head variation of about 20% in the worst-case scenario, and reflecting the total use of the reservoir storage volume. The hydro turbine suffers from such head variations, which lead to an increase in losses, appearance of vortex, cavitation, and vibration, which result in premature wear and undesired efficiency reduction. While Figure 15a shows the gross head variation over time, Figure 15b presents the resultant gross head duration curve.
The concept of a duration curve is used in many applications, and shows the probability of this value to be reached or overcome for each value. For instance, a gross head of 83 m is overcome more than 95% of the time, while a head of 96 m is reached only 5% of the entire time. The advantage of using a duration curve resides in the use of few experiments, rather than the entire raw curve of time stamped data, without losing the most important information.
It is well known that there are many advantages of operating at a constant rated head. Not only will the hydraulic machine operate at optimal conditions, but the generated power will additionally be at its maximum, as it is directly proportional to the operating head. The higher the head, the larger the generated power will be.
However, the Furnas power plant plays a very important role not only in the cascade of the Grande River basin, but also in the whole Brazilian hydraulic power generation system, as well as for navigation purposes. Its enormous reservoir is capable of regularizing all water flow in the Grande River basin. This water passes through important and powerful hydropower plants along the cascade before ending up in the Itaipu hydropower plant, which is one of the largest power plants in Brazil. Figure 14b illustrates the location of the Furnas power plant in a partial Brazilian hydropower system chart.
Several scientific studies show the dependence of the optimal operation of the entire Brazilian power system with the Furnas hydropower plant [68, 69] . Therefore, it becomes natural to affirm that the storage volume in the Furnas reservoir will always be requested in order to regulate water flow, not only in the Rio Grande basin, but also along the entire cascade, all the way to the Itaipu Hydropower plant, leading to variations in the gross head of the power plant. Variations in the gross head of the power plant will constantly be seen and operations with variable speed will allow the Furnas power plant to operate at its best efficiency.
The generating units of Furnas hydropower plant operate at constant speed, leading to turbine efficiency reduction. Both the theoretical analysis and the laboratory tests show that running the hydro turbine at a reduced speed could recover its efficiency. The amount of energy recovered is proportional to the recovered efficiency, which is a function of the operating head versus the rated head. Figure 15c depicts the duration curve of the power generated with the gross head variation at constant speed and, using the theory presented in this paper, the power that could be generated if the speed could vary.
Regarding Figure 15c , the lower dashed curve shows the actual generated power, while the upper continuous curve presents the power that could be generated if the generating units could operate at a variable speed. The variable speed operation allows a bigger generation, not only because of the increase in turbine efficiency, but also because the flow rate in the machines also increases, as has been verified by laboratory tests.
The area under a power versus time curve results in energy. The same principle can be seen with the duration curve. The remarkable difference is that instead of having the abscissa axis as a time unit, such as hours or days, the duration curve has its abscissa axis in percentile. Therefore, instead of having energy as a multiple of watthours, the area under the curve will be energy in an average power unit. The energy in watthour is the energy in average power times the base of the time. The base of the time normally used is the number of hours in a year, i.e., 8760 h. Therefore, the result of the area under the curve must be multiplied by 8760 in order to show energy in watthour multiples.
Applying this technique to the presented curves results in an average power of 551.4 MW for the operation at constant speed and an average power of 632.7 MW for the operation at variable speed, thus confirming the increase in generation with the variable speed operation.
The difference of both results is additional generation of 712.6 GWh, which is sufficient to cover the expenses in updating the generation system to operate with variable speed. Other economic benefits of the application of variable speed are the reduction of machine stopped time and reduction of expenses with maintenance of turbine and bearings, which are proportional to the diminution of cavitation and associated vibration.
Conclusions
As a consequence of climate change, hydro cascade operation, and inflow reduction, the upstream level of the reservoirs of some hydropower plants has decreased. This has further caused a reduction in the resulting water head and energy conversion of hydro turbines. Through theoretical analysis and laboratorial application, this paper shows that the variable speed operation of the units of a hydropower plant can recover the efficiency of rated values. The operation at variable speed results in a variable frequency of the generated voltage. Therefore, this paper also presents some alternatives to connecting the modified hydropower plant to a constant frequency grid. The theory of operating Francis runners at variable speed was presented and a suitable equation to determine the operating speed necessary to recover the hydro turbine efficiency to rated levels was developed and presented. A special laboratory setup was constructed to verify the functionality of the proposed theory. In short, three tests were conducted at two different upstream levels. The first test was performed at rated water head and speed, achieving a rated efficiency curve. In the second test at reduced water head and rated speed, a capital reduction of the energy conversion efficiency was verified, as long as the hydro turbine was in an unfavorable condition. A third test was attempted at a reduced head and reduced speed, as defined by the developed equation, and the recovery of the hydro turbine efficiency up to rated levels was verified, confirming the developed theory. Therefore, reduction of the operating speed when the upstream level is less than rated and conducting to the reduced water head demonstrated energy benefits, as was theoretically expected. The energy benefit of operating at variable speeds was determined for the Furnas hydropower plant, which is known to have a history of upstream level variation. The variable speed operation increased the average power generation by about 15% per year with proportional increase in power plant revenues. This study did not determine the costs of turning a regular hydropower plant into a variable speed capable hydropower plant, as that requires additional equipment and space. In addition, the study did not determine the supplementary benefits of operating at a lower speed, such as gains with maintenance, as the hydro turbine operates free of cavitation and vibration, which translates as longevity of mechanical parts. These aspects will be studied in future research. 
